
⑤Elliptic curve .

Definition .

1) Smooth projective curve over of genus one with

distinguished rational point 0 G ECK)

when Chark #2, 3 . It is defined by a Werestrass equation .

yz =x +As + B23 with discriminat &
=44 + 27B 0

We can define group law on ECDto make it become abelian

group .

*Yo.
C2). Elliptic curve is an abelian variety of dimension 1

.

Weiestrass equation is not intrinsic . We can change it i)
we embeded the elliptic curve into P by different ways .

20
.
33As

However
, SCE)=- is independent of choice

4A3 + 27B2

of Weiestrass equation . We call it j-invariant.

(51) If E and E are Kelliptic curves , then EIE
-> jLE)= j(E)



152) For every jEK ,
there exists an E with j(E) =j

"j-line is the moduli space of elliptic curves"

=j-line parametrizes elliptic curves"

Our goal is to define Shimura curves .

"Shimuma curves parametrice abelian surfaces with potential
quaternionic multiplication (PRA)

1

S lattices
·

Over K
.,

ECK) = YX ,

where AEI is a lattice

CLattice in K is a two-dimensional IR-vector space).
Hence topologically· ECK) is a torus

.

View =R2, we can determine a lattice A by giving
its basis V
,

V: GRR2 : The matrix [UIV] GGLGR)

Plattice in 13 =-> G14R)
not I to 1

.

used reduce it by equivalent
relation

Fact :
Two elliptic curve y,

**/=> I GE
*

Sit. GA : GN

Hence we need consider the quotient GLR)/K *

In other words, whenever we have a basis [2, /E2]



we can change it into the form [1 , I] by multiplying a

complex number E,
Hence . G((MyY =I = [04y : /y=03
Now we require [EJt: This can be viewed as requiring
our basic Vector [EIIE) to be positively oriented .

At = 2 + Xt .

Fact : AtE At = I ?;ESLIZ) Sit [ cd]t= E
I

te

E elliptic curves/p] <> It/sk(2) = Gh(2) /Chulk)/G
*

↑j
V

AA
Modular Curve

.

We get moduli space of elliptic curves over by looking at
the quotient space Sh(2) acting on It .

we can generalize the idea by using subgroup ↑<SLLE)
acting on It .



Define :
↑() = 3 [a ) ESh12/ [Ca) = [ ! i)maNY

PCN) = 3 [=]-Sh(2)) I ] =[o) mode;
(CN) = < [ d] - SL() / [a] =['Y] modNS

we have PLN) CPCN) CPCN) C Sk(2) = P(K)

Def .

A group P
such that PCN) CP C ShLE) is called

congruence group of Sh(Z)

Def . Y(P) = ↑151 .

we have a natural map

Y(PIN)) -> Y(P(N)) -> Y(Y(m) -> Y (1)

ProP
PY(PWNI) <* & pair (E, C) , where C is cyclic subgroup

of EINS]/n
[t]1-> [CEt , +NT)]

② Y(P(N))< [pairCE , c) , where & is a point in

EENS 3/
[t] 1- I (Et

,

+ Nt)]

③ YLPIN)(c) (pair (E , <P, R)) where P, R are two

points that generate EEN] With a

fixed weil pairing value Y ~



[i)
-> ICE , (*+N,

+ at))

Rational model .

In previous section , Y(P) are curves defined ever K .

In fact, they can be defined over number field .

Prop.

There are curves Y(PIN) · Y(PIN)) defined over a Such that

Y(P(N)) &K = PoCN) 15t .

Y(P
, (N)) @aK = P

.
CN) /It .

In general , -P> PCW) ·

there are curves Y(P(N)) defined
over RCJN) where I is a primitive Nth root of unity such

that
Y(P(N)) &w>

P = Pa) It


